We investigate the existence of solutions of the Kirchhoff elliptic equations with nonlinearity in R N . Using the ideas developed in Orlicz spaces and the technique of variation principle, we prove that there are at least three solutions in Orlicz-Sobolev spaces.
Introduction
The equation
presented by Kirchhoff [] in , is an extension of the classical d' Alembert's wave equation by considering the changes in the length of the string during vibrations. In (.), L is the length of string, h is the area of the cross section, E is the Young modulus of the material, ρ is the mass density, and P  is the initial tension. The stationary form of type (.) is taken in the form of
which may be used for modeling several physical and biological systems, where u describes a process which depends on the average of itself, for example, the population density [] . If k( |∇u|  dx) is replaced by k( |u|  dx), then the equation
arises in numerous physical models such as systems of particles in thermodynamical equilibrium via gravitational potential, thermal runaway in ohmic heating and shear bands in metal deformed under high strain rates [] . 
and g(x) = . Two nontrivial solutions were established by the mountain pass theorem and Ekeland's variational principle.
There often arise the equations involving nonhomogeneous operators and nonlinearities, for instance, in the fields of electrorheological fluids (sometimes referred to as 'smart fluids'), nonlinear elasticity and plasticity. The natural setting for this approach is OrliczSobolev spaces.
In this article, we investigate Kirchhoff elliptic equations with nonlinearity in R N in the Orlicz-Sobolev setting:
where k : [, ∞) → [, ∞) is nondecreasing and continuous, a(t)t is strictly increasing and continuous on [, ∞), such that lim t→ + a(t)t = , lim t→∞ a(t)t = ∞, λ, μ are nonnegative real numbers, f and g are Carathéodory functions, and ρ M is defined in Section . Using the ideas and techniques developed in the research of Orlicz spaces, we prove the existence of at least three solutions of (.) but get rid of the restriction that M(
To our knowledge, this is the first contribution to investigate (. 
Preliminaries
M is called an Orlicz function provided that
where p is nondecreasing, right-continuous with p() = , p(t) >  (∀t > ) and lim t→∞ p(t) = ∞. Its complementary function M is defined as 
We use M ∈ ∇  to stand for M ∈  .
Denote
For a measurable function u :
endowed with the Luxemburg norm
or with the Orlicz norm 
, that is, the set of all functions which are differentiable for any order and with compact support in
Main results
In this section, we firstly give the main result of this paper. Secondly, we prove some lemmas for the main result. Finally, we establish the existence of at least three solutions in Orlicz-Sobolev spaces applying the variation principle. For convenience, we set several conditions.
.
In the following, we always assume that k :
The main result of this paper is as follows. 
Proof of the main results
In the proof of Lemmas . and ., we get rid of the restriction that M(
, in which by this condition a Clarkson-type inequality was established in order to show that a sequence strongly converges. Here, we get the convergent sequence by using the ideas and techniques developed in Orlicz spaces research without the help of Clarkson-type inequality.
Lemma . Given that M is strictly convex and M
ds is strictly increasing with respect to t > , we obtain 
, and thus
Claim {u n } converges to u in measure.
Otherwise, we suppose that for some ε  > , σ  > , there exists a subsequence {u
Consequently, for all j ≥ j  , we obtain that μ{x ∈ R N :
Since M(t) is strictly convex, from [, Proposition .], there exists δ >  such that
for all |t | ≤ c, |t | ≤ c and |t -t | ≥ σ  . By (.) and (.),
Letting j → ∞, by (.) and (.) we obtain ρ M (u) ≤
which is a contradiction.
Replacing u n , u by ∇u n , ∇u, respectively, we deduce that {∇u n } converges to ∇u in measure.
By the Riesz theorem, there exists a subsequence, still denoted by {u n j }, such that
the Fatou lemma and (.), we get that
Hence, lim sup j→∞ ρ M (
we obtain lim j→∞ u n j -u = . Arguing by contradiction, we deduce that lim n→∞ u n -u = .
Lemma . Given that k is continuous, M is a strictly convex smooth Orlicz function and M ∈
Since M is strictly convex, we get that
and
The above inequalities yield ρ M ( For
we will prove that u n -u → , where
Since M is an Orlicz function, by (.) we obtain
Combining (.) and (.), we deduce that there exists n  , for all n ≥ n  ,
Proof Using the same arguments as those in [, Lemma .], we get that
, by the Alaoglu-Banach theorem, there exists a subsequence {u n j } such that u n j u weakly. We will show that {F (u n )} admits a subsequence strongly converging to F (u).
By M ∈  and the Hölder inequality, for any measurable subset ⊂ R N , it holds uni-
By (.), for ε > , there exists r * > ,
Due to M, M ∈  , by [, Theorem .], it follows that p, p ∈  . We deduce that
Using the same arguments, we obtain
Combining the above inequalities, taking r ≥ r * , r = {x ∈ R N : |x| > r}, we deduce that
By H  , (.) and (.), we deduce that it holds uniformly for all v ∈ W
For B r = R N \ r = {x ∈ R N : |x| ≤ r}, combining u n j u weakly, we get u n j -u (M),B r → . By applying the Lebesgue dominated convergence theorem, we deduce
In view of (.) and (.), we complete the proof.
By H  , the Hölder inequality and k(∞),
By H  , for some positive constants δ  ∈ (, ), c  > , one has
 , R) with compact derivatives. From the definitions of K and F , we see that K(θ ) = F(θ) =  and K(u) >  for all u = θ . By Lemma . and H  , it follows that β > α.
Summarily, the critical points theorem in Lemma . guarantees that
has at least three solutions, which implies that Problem (.) has at least three solutions.
Corollaries and examples
By Theorem ., we get the following. 
Conclusion
We prove the existence of three solutions for the Kirchhoff elliptic problem (.) using the ideas developed in Orlicz spaces and the technique of variation principle. We point out that the convexity of the Orlicz function M( √ t), which is required in [-, ], is unnecessary during the proof of strong convergence. We also notice that the result in Theorem . extends the result for bounded domains.
